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Abstract

Although originally introduced as a theorem proving
method to solve equational unification problems, nar-
rowing was soon recognized as a key mechanism to
unify functional and logic programming. In fact, in
a declarative setting where programming and proving
can be seamlessly integrated, narrowing serves as a uni-
fied mechanism for both evaluation and deduction. For
narrowing to be an efficient evaluation mechanism, sev-
eral lazy narrowing strategies have been proposed, al-
though typically for the restricted case of left-linear
constructor-based rewrite systems. These assumptions,
while reasonable for functional programming applica-
tions, are too restrictive for a much broader range of
applications to which narrowing can be fruitfully ap-
plied. In this paper, we propose an efficient lazy nar-
rowing strategy called natural narrowing which can be
applied to a larger class of rewrite systems without the
above assumptions. This strategy is more efficient than
all previously know strategies when applied to the class
of left-linear constructor-based rewrite systems. An im-
portant consequence of this generalization is the wide
range of applications that can now be efficiently sup-
ported by narrowing. We highlight a few such applica-
tions including symbolic model checking, theorem prov-
ing, and partial evaluation. What thus emerges is a
general and efficient unified mechanism based on nar-
rowing, that seamlessly integrates a very wide range of
applications in programming and proving.

1 Introduction

In a declarative language, programming and proving
can often be seamlessly integrated. The point is that
a declarative program P is typically a theory in some
logic, and computing with P is an efficiently imple-
mented form of deduction with P . Therefore, there
isn’t a sharp boundary between computing with P and
reasoning with or about P . Indeed, it becomes a prag-

matic engineering issue —depending on what efficient
implementation techniques are available— to decide
which forms of deduction should be supported by a lan-
guage implementation, and which other forms should
instead be supported by a theorem prover or a model
checker. As more efficient deduction techniques are de-
veloped, both programming languages and formal rea-
soning tools can benefit from them: programming be-
comes more expressive, proving becomes more efficient,
and the boundary between both the tasks becomes more
and more tenuous.

Narrowing is a case in point. Originally introduced
as a theorem proving method to solve equational unifi-
cation problems, that is, to prove existential goals (or,
more generally, existential conjunctions) of the form
E ` (∃−→x ) t = t′, where E is a set of equations,
[22, 32, 34], it was soon recognized as a key mecha-
nism to unify functional and logic programming [25].
However, the known narrowing strategies were too inef-
ficient for programming purposes and this stimulated
research into new strategies. One important break-
through was the realization that narrowing is in essence
a lazy mechanism, and that one could extend the work
on optimal lazy reduction strategies originating with
Huet and Levy [31], and extended in different ways by
other researchers (see, e.g., [42, 4, 5, 20]) to obtain ef-
ficient lazy narrowing strategies that only instantiate
those positions that are really needed. In this way, lazy
rewriting and lazy narrowing could be integrated into a
single unified mechanism for languages combining func-
tional and logic programming capabilities. This was
first achieved by Antoy, Echahed and Hanus, who ex-
tended their (weakly) outermost-needed rewriting strat-
egy to (weakly) needed narrowing strategy [6, 5]. Re-
cently, both (weakly) outermost-needed rewriting and
(weakly) outermost-needed narrowing have been further
improved by Escobar by means of the natural rewriting
and natural narrowing strategies [20, 21].

A typical assumption of the above rewriting strate-
gies is that the rewrite rules are left-linear and



constructor-based. These restrictions are reasonable for
some functional programming languages, but they sub-
stantially limit the expressive power of a language in
several ways. First, in equational languages such as
OBJ [27], CafeOBJ [24], ASF+SDF [18], and Maude [12],
non-linear left-hand sides which may not be constructor
based are perfectly acceptable. Second, the range of ap-
plications can be greatly expanded when we move from
a functional world to the much broader world of rewrite
systems whose semantics is not equational but is instead
rewriting logic based [37] and can therefore express the
nondeterminism and nonterminating behavior of con-
current systems. ELAN [8] and Maude [12] are typical
examples of such rewriting logic based languages. In
such languages, a rewrite t → t′ is no longer under-
stood as a step of equational simplification; it is instead
interpreted as a transition in a concurrent system. For
such applications the constructor-based assumption is
utterly unreasonable and almost never holds.

The goal of this paper is to propose an efficient
lazy narrowing strategy called natural narrowing that
greatly extends the natural narrowing strategy of [20,
21], overcomes all the above limitations, and is appli-
cable as a unified mechanism for solving a very wide
range of programming and proving applications. This
requires substantial generalizations of the meanings of
programs and of the very concept of narrowing. First of
all, functional programs typically enjoying the Church-
Rosser property are generalized to rewrite theories [37]
which need not be Church-Rosser (but contain Church-
Rosser theories as a special case). As already men-
tioned, a rewrite rule t → t′ is now understood as
a transition. Second, the left-linear and constructor-
based assumptions are entirely dropped. In this gener-
alization, the meaning of narrowing itself is drastically
extended from a mechanism for solving equational goals
E ` (∃−→x ) t = t′, to a mechanism for solving reachabil-
ity goals R ` (∃−→x ) t →∗ t′ in a rewrite theory R [38].
However, as explained in Section 3.3, solving equations
becomes a special case of solving more general reacha-
bility goals.

All these generalizations are obtained together with
actual gains in efficiency, in the sense that our natural
rewriting and narrowing strategies, besides being effi-
ciently implementable, perform strictly better than pre-
viously proposed strategies (see Section 3.2). A further
efficiency advantage, generalizing that of [6, 5, 20, 21],
is that natural narrowing computes substitutions in an
incremental way, without explicit use of a unification
algorithm; as explained in Section 5. Perhaps the most
important consequence of the generality of our natural
narrowing strategy is the wide range of applications that
can now be supported. To give the reader a better feel-
ing for some of these application areas, including sym-

bolic model checking, programming, theorem proving,
and partial evaluation, we discuss those areas, and the
respective benefits of using natural narrowing for each
of them, in Section 3; and we give examples of such ap-
plications in Section 7. What emerges, in summary, is a
general and efficient unified mechanism, seamlessly in-
tegrating rewriting and narrowing, and making it avail-
able for a very wide range of programming and proving
applications.

To give the reader a first intuitive feeling for how
natural rewriting and narrowing work, and for the dif-
ficulties that they resolve, we illustrate some of the key
issues by means of a simple example.

Example 1 Consider the following rewrite system for
proving equality of arithmetic expressions built using
division (÷), modulus or remainder (%), and subtrac-
tion (−) operations on natural numbers.

(1) 0 ÷ s(N) → 0

(2) s(M) ÷ s(N) → s((M−N) ÷ s(N))

(3) M % s(N) → (M−s(N)) % s(N)

(4) (0 − s(M)) % s(N) → N − M

(5) M − 0 → M

(6) s(M) − s(N) → M−N

(7) X ≈ X → True

Note that this rewrite system is not left-linear because
of rule (7) and it is not constructor-based because of
rule (4). Furthermore, note that the rewrite system is
neither terminating nor confluent due to rule (3).

The aim of natural rewriting strategy is to lazily
compute head-normal forms of a given term t. Specifi-
cally, given a term that is not a head-normal form, the
strategy reduces to the extent possible, only those re-
dexes that are necessary for a rule to be applied at the
root. Consider the term1 t1 = 10! ÷ 0. If we only had
rules (1), (2), (5) and (6), the natural rewriting strat-
egy of [20] would be applicable and no reductions on
t1 would be performed, since t1 is a head-normal form.
In contrast, other strategies such as outermost-needed
rewriting [4] would force the evaluation of the computa-
tionally expensive subterm 10! (see [20, Example 21]).
Hence, we would like to generalize natural rewriting to
a version that enjoys this optimality and that can also
handle non-left-linear and non-constructor-based rules
such as (7) and (4).

Further, consider the term

t2 = 10! % (1−1) ≈ 10! % 0

We would like the generalized natural rewriting strategy
to perform only the optimal computation:

1The subterm 10! represents factorial of 10 but we do not
include the rules for ! because we are only interested in the fact
that it has a remarkable computational cost, and therefore we
would like to avoid its reduction whenever possible.
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10! % (s(0)−s(0)) ≈ 10! % 0

→ 10! % (0−0) ≈ 10! % 0

→ 10! % 0 ≈ 10! % 0 → True

that avoids unnecessary reduction of the subterm
10! % 0 at the final rewrite step and avoids also re-
ductions on the computationally expensive term 10!

during the whole rewrite sequence.
Furthermore, we are interested in a narrowing strat-

egy which, besides performing the minimal number of
evaluations, also instantiates variables only as much
as is necessary. For example, consider the term t3 =
s(0) % (Y−1) ≈ X % 0. We would like our gener-
alized natural narrowing strategy to perform only the
optimal sequence:

s(0) % (Y−s(0)) ≈ X % 0
�

[X7→s(0),Y7→s(Y’)] s(0) % (Y’−0) ≈ s(0) % 0
�

id s(0) % Y’ ≈ s(0) % 0
�

[Y’7→0] True

that avoids unnecessary reductions and obtains the
most general unifier of the left and right-hand sides of
t3. �

Following is the outline of the rest of the paper. In
Section 2, we present the preliminary background, and
formally define the properties we are interested in for
the generalized rewriting and narrowing strategies. In
Section 3, we motivate our work by illustrating various
applications of the generalized strategies. In Section 4
we present our natural rewriting strategy, and in Sec-
tion 5 we present the natural narrowing strategy. In
Section 6, we demonstrate through examples some of
the applications motivated intuitively in Section 3, and
we conclude in Section 7.

2 Basic Concepts

A signature Σ is a ranked alphabet Σ = {Σn | n ∈ N},
where Σn is a set of function symbols of arity n. A Σ-
algebra is a set A together with a function fA : An → A
for each f ∈ Σn. We assume an infinite set of variables
X that are all different from constant symbols in Σ.
We write TΣ for the Σ-algebra of ground terms over Σ,
and TΣ(X) for the Σ-algebra of terms with variables
from the set X. We write Var(t) to denote the set of
variables occurring in a term t. A variable x ∈ Var(t)
is said to be non-linear in t if it has more than one
occurrence in t. A term t is said to be linear if every
variable x ∈ Var(t) is linear in t.

We use a finite sequence of positive integers, called
a position, to denote an access path in a term. For
positions p, q, we denote their concatenation by p.q, and
for sets of positions P, Q we define P.Q = {p.q | p ∈
P ∧q ∈ Q}. We write P.q as a shorthand for P.{q}, and
similarly for p.Q. Positions are ordered by the standard
prefix ordering ≤, i.e. p ≤ q if there is q′ such that

p = q.q′. We write p < q if p ≤ q and p 6= q. We say
p ∈ P is an outermost position in P if there is no q ∈ P
such that q < p. If p = q.q′, we define p/q = q′.

For a term t, we write Pos(t) to denote the set of
positions in t. The root of a term is at position Λ.
The symbol labeling the root position of t is denoted
by root(t). For S ⊆ Σ ∪ X, we define PosS(t) =
{p | root(t|p) ∈ S}. We write t|p for the subterm of t
at position p, and define t|P = {t|p | p ∈ P}. We write
t[s]p for the term obtained by replacing the subterm at
position p in t with the term s.

A substitution is a mapping σ : X → TΣ(X) which
maps variables to terms, and which is different from
the identity for a finite subset Dom(σ) of X. We de-
note the homomorphic extension of σ to TΣ(X) also by
σ. The set of variables introduced by σ is Ran(σ) =
∪x∈Dom(σ)Var(σ(x)). The restriction of a substitution

σ to a set of variables V , is defined as σ|V (x) = σ(x)
if x ∈ V , and σ|V (x) = x otherwise. We denote the
identity substitution by id. We denote the substitution
σ that maps xi to ti for 1 ≤ i ≤ n and that is identity
elsewhere by [x1 7→ t1, . . . , xn 7→ tn].

The subsumption preorder ≤ on TΣ(X) is defined by
t ≤ t′ if there is a substitution σ such that σ(t) = t′;
such a substitution σ is said to be a match from t to t′.
For substitutions σ, ρ and a set of variables V we define
σ|V = ρ|V if σ(x) = ρ(x) for all x ∈ V , and σ|V ≤ ρ|V
if there is a substitution η such that ρ|V = (η ◦ σ)|V .

A rewrite rule is an expression of the form l → r,
where l, r ∈ TΣ(X) and l 6∈ X. A rewrite system2 is
a triple R = (Σ, φ, R) with Σ a signature, R a set of
rewrite rules, and φ : Σ → P(N) a function specifying
the frozen arguments of each f ∈ Σ. For f ∈ Σn we re-
quire that φ(f) ⊆ {1, . . . , n}. We say that a position p
in a term t is frozen, if there is q < p such that p = q.n.q′

and n ∈ φ(root(t|q)). We require for each rule l → r
that, for every x ∈ Var(l) if none of the occurrences of
x in l is frozen then none of the occurrences of x in r is
frozen. We will often omit the function φ while specify-
ing a rewrite system, and in such cases it is understood
that φ(f) = ∅ for every f ∈ Σ. We define L(R) to be
the set of left-hand-sides (lhs) of rules in R. A rewrite
system R is left-linear if for all l ∈ L(R), l is a linear
term. Given R = (Σ, φ, R), we take Σ as the disjoint
union Σ = C ] D of symbols c ∈ C, called construc-
tors and symbols f ∈ D, called defined symbols, where
D = {root(l) | l → r ∈ R} and C = Σ −D. A pattern
is a term f(l1, . . . , lk) where f ∈ D and li ∈ TC(X),
for 1 ≤ i ≤ k. A rewrite system R = (C ] D, φ, R) is
a constructor system (CS) if every term in L(R) is a
pattern.

2What we call here a rewrite system is a special case of a
rewrite theory [37], which is a triple (Σ, E, R) with E a set of
equations.
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A term t rewrites to s at position p ∈ Pos(t) using
the rule l → r ∈ R, written t →〈p,l→r〉 s ( or simply

t
p

−→ s, or t → s) if p is not frozen in t, t|p = σ(l) and
s = t[σ(r)]p. The pair 〈p, l → r〉 is called a redex ; and
often, we also refer to the subterm t|p in t as a redex.

We denote by
>Λ
−→ a rewrite step at a position p > Λ,

and by
>Λ
−→∗ a sequence of rewrites all of which occur

at positions p > Λ. A term t is a normal form, if there
exists no s such that t → s. A term t is a head-normal
form, or root-stable, if it cannot be reduced to a redex,

i.e. there are no t′, t′′ such that t →∗ t′
Λ

−→ t′′. A con-
structor head-normal form is a head-normal form whose
root is labeled by a constructor symbol. A substitution
σ is said to be normalized if σ(x) is normalized for all
variables x.

A term t narrows to s at a non-variable position p
with substitution σ and using the rule l → r, written
t  〈p,l→r,σ〉 s (or simply t  σ s) if σ(t) →〈p,l→r〉 s.
The triple 〈p, l → r, σ〉 is called a narrox. We say t ∗

σ

s if t  σ1
. . .  σn

s and σ = σn ◦ . . . ◦ σ1. For a
normalized substitution σ, we have σ(t) → t′ if and
only if t  σ t′; note that the assumption that σ is
normalized is essential because terms can be narrowed

only at non-variable positions. We write t
>Λ
 t′ if the

narrowing step in t occurs at position other than Λ.
A sequential rewrite strategy S is a subrelation

S
−→ ⊆→, and a sequential narrowing strategy is a sub-

relation
S
 ⊆ . We are interested in lazy rewriting and

narrowing strategies for computing head-normal forms.
Since we are concerned with head-normal forms, the
following correctness and completeness criteria are of
interest for the rewrite strategy (see [20] for further de-
tails).

1. (Correctness) If a term t is a
S

−→ -normal form,
then t is root-stable.

2. (Completeness) If t →∗ s, then there is an s′ such

that t
S

−→∗ s′, root(s′) = root(s) and s′
>Λ
−→∗ s.

Similarly, for the narrowing strategy we are inter-
ested in the following criteria:

1. (Correctness) If a term t is a
S
 -normal form, then

σ(t) is a root-stable for all substitutions σ.

2. (Completeness) For a normalized-substitution σ if

σ(t) →∗ s, then there are s′, θ, θ′ such that t
S
 ∗

θ s′,
root(s′) = root(s), σ|Var(t) = (θ′ ◦ θ)|Var(t), and

θ′(s′)
>Λ
−→∗ s.

3 Application Areas

In this section, we show how narrowing can be used as
a unified mechanism for programming and proving, and
explain informally how the natural narrowing strategy
to be presented in this paper will make the specific ap-
plications more efficient. Our purpose in this section is
motivational. More details and examples are given in
Section 6, which have been moved after the presenta-
tion of technical core in order to better illustrate how
the finer aspects of natural narrowing can be leveraged
in various application scenarios.

3.1 Symbolic Model Checking

Given a concurrent system, it is often important to per-
form various forms of reachability analysis. For exam-
ple, for a cryptographic protocol certain states may cor-
respond to attacks, and we are interested in checking
that we cannot reach such states from a suitable set
of initial states through a sequence of transitions. Al-
though finite state systems and some special classes of
infinite state systems have model checking decision pro-
cedures [9, 11, 19, 23, 44], for general concurrent systems
whose sets of reachable states is infinite, and where the
set of initial states may likewise be infinite, there is a
need for complete reachability analysis methods.

In recent work [38], we have proposed a procedure
based on narrowing, that can be used for symbolic
reachability analysis of infinite state systems. Narrow-
ing strategies such as those presented in this paper, can
make such symbolic analysis techniques much more effi-
cient in practice, by drastically cutting down the search
space while maintaining correctness; this is reminiscent
of the partial order reduction techniques familiar in the
model-checking context. In the following, we briefly
summarize the main ideas behind this claim.

A concurrent system can naturally be expressed as
a rewrite system R = (Σ, φ, R), where terms represent
states, and a rewrite rule t → t′ is understood as a
(parametric) local transition [36, 37]. We can then for-
malize a reachability problem for a concurrent system
thus specified as solving an existential formula,

(∃−→x ) t(−→x ) →∗ t′(−→x )

where the source t(−→x ) is a term with variables repre-
senting a possibly infinite set of initial states (namely
all its instances by ground substitutions) and the tar-
get t′(−→x ) represents a likewise possibly infinite set of
final states that we want to reach by a sequence of
transitions. Solutions to this reachability problem can
then be described by substitutions σ for which indeed
we have, σ(t(−→x )) →∗ σ(t′(−→x )). More generally, we
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may consider conjunctive reachability goals of the form
G = (∃−→x ) t1(−→x ) →∗ t′1(

−→x ) ∧ . . . ∧ tn(−→x ) →∗ t′n(−→x ).
We can reduce solving a conjunctive reachability

goal such as G, to the case of solving a single reachabil-
ity goal by means of a theory transformation associat-
ing to a rewrite system R = (Σ, φ, R), a corresponding

rewrite system R̂ = (Σ̂, φ̂, R̂), where Σ̂ = Σ∪{∧,�, Λ},

φ̂ extends φ with φ̂(�) = {2}, and R̂ contains R plus
the two rules (x � x) → Λ and Λ ∧ Λ → Λ. Note the
second argument of � is frozen since only the sources
of a goal are to be rewritten. Then, σ is a solution of
the conjunctive goal G in the rewrite system R if and
only if σ is a solution of the single reachability goal
(∃−→x )Ĝ →∗ Λ in the rewrite system R̂, where Ĝ is the
Σ̂-term Ĝ = t1 � t′1 ∧ . . . ∧ tn � t′n.

Now, since the term Λ in the transformed theory R̂
is a head normal form, any root normalizing strategy
S, including the natural narrowing strategy, gives us a
semi-decision procedure to find all the normalized solu-
tions of a goal G. Specifically, the algorithm incremen-
tally builds the narrowing tree starting from the term
Ĝ, and searches for narrowing derivations using S, that
result in Λ. When one such derivation is found, the
composition of substitutions accumulated during the
narrowing derivation in the reverse order gives us a so-
lution of the goal G. Of course, the narrowing tree has
to be explored in a fair manner, since the narrowing
derivations can be infinitely long.

Obviously, using an efficient narrowing strategy
while building the narrowing tree, would drastically cut
down the search space without loosing completeness.
Further, note that since the set of initial and final states
specified in a goal can be infinite, and likewise there is
no restriction on the number of reachable states, one
can view the above narrowing procedure as a new form
of “symbolic model checking” for infinite state systems.
Here the word “symbolic”, instead of having the more
restricted sense of representing finite sets of states by
Boolean propositions, is widened to mean the represen-
tation of possibly infinite sets of states by terms with
logical variables.

3.2 Programming Languages

Lazy rewriting and narrowing strategies are useful in
functional programming languages based on rewriting,
such as Haskell [30], and functional logic programming
languages based on narrowing, such as Curry [28]. In
these languages, the programmer is mainly interested in
head-normal forms, instead of normal forms, as the rel-
evant pieces of information associated to terms. More-
over, programs in these languages are commonly repre-
sented as left-linear constructor-based rewrite systems.

In recent work [20, 21], we have proposed the best

known rewriting and narrowing strategies for left-linear
constructor systems, called natural rewriting and nat-
ural narrowing. These strategies inherit all the good
properties of previous lazy rewriting and narrowing
strategies, such as Antoy, Echahed and Hanus’ (weakly)
outermost-needed rewriting [4, 5] and the (weakly)
needed narrowing [6, 5]. In fact, the natural rewrit-
ing and narrowing strategies perform strictly better
than the weakly outermost-needed rewriting and nar-
rowing strategies for the class of left-linear constructor-
based rewrite systems. All the lazy strategies above
are in fact based on the original strongly needed re-
duction strategy of Huet and Levy [31]. Indeed, the
strongly needed reduction strategy, when instantiated
to the class of left-linear constructor-based systems,
is essentially the same as outermost-needed rewriting
[29]); similarly, needed-narrowing is considered as the
functional logic counterpart of the strongly needed re-
duction. Sekar and Ramakrishnan proposed the parallel
needed reduction strategy [42] as an extension of Huet
and Levy’s strongly needed reduction, that works effi-
ciently for a larger class of rewrite systems. The weakly
outermost-needed rewriting strategy of Antoy, Echa-
hed, and Hanus is in turn based on the parallel needed
reduction strategy; and their weakly needed narrowing
strategy is considered as the corresponding functional
logic counterpart.

One of the main issues of concern in all the above
works was to extend the class of rewrite systems where
the known rewriting and narrowing strategies are ap-
plicable. This is crucial in the programming language
setting because the situations to which the basic strat-
egy of the language is applicable determines the possi-
ble applications where the programming language can
be useful. This is one of the main contributions of this
paper to the programming language area. Specifically,
we extend natural rewriting and natural narrowing of
[20] to the more general class of term rewriting systems
without the restrictions of left-linear and constructor-
based rules. Programs in equational programming lan-
guages such as OBJ, CafeOBJ, ASF+SDF, Maude, and
ELAN usually fit into this larger class of rewrite systems.
Thus, the generalized natural rewriting and natural nar-
rowing can serve as efficient lazy evaluation strategies
for these languages. The second contribution of this pa-
per, which is the main point of this section, is that due
to their generality the strategies proposed can be fruit-
fully applied to a much wider ranger of applications be-
sides programming, such as those concerned with prov-
ing. In this regard, the reader may note that the theory
transformation used in Section 3.1 introduces the non-
linear rule x� x → Λ.
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3.3 Theorem Proving

Equational unification: Narrowing was originally
introduced as a complete method for generating all so-
lutions of an equational unification problem, i.e., for
goals F of the form

(∃−→x ) t1(−→x ) = t′1(
−→x ) ∧ . . . ∧ tn(−→x ) = t′n(−→x )

in free algebras modulo a set of equations that can be
described by a set of confluent and terminating rewrite
rules [22, 32, 34]. We note that the problem of solv-
ing reachability goals in rewrite systems generalizes the
problem of equational unification. Specifically, suppose
we are to solve the equational goal F above in the equa-
tional theory E = (Σ, E) where the equations E are
confluent and terminating. Note that σ is a solution of
F if and only if both σ(ti) and σ(t′i) can be reduced
by the (oriented) equations E to a common term. We
can thus consider the rewrite system RE = (Σ̃, φ, RE),
where Σ̃ = Σ ∪ {≈, tt}, φ(f) = ∅ for all f ∈ Σ̃, and
RE = E ∪ x ≈ x → True. Then σ is a solution of
the system of equations F in the equational theory E
if and only if it is a solution of the reachability goal
G = (∃−→x ) t1 ≈ t′1 →∗ True ∧ . . . ∧ tn ≈ t′n →∗ True in
the rewrite system RE .

Inductive theorem proving: The just-described re-
duction of existential equality goals to reachability
goals, when combined with the reduction described in
Section 3.1 of conjunctive reachability goals to a single
goal has important applications to inductive theorem
proving. Specifically, it is useful in proving existentially
quantified inductive theorems like E `ind (∃−→x ) t = t′ in
the initial model, i.e., in the minimal Herbrand model
of E satisfies (∃−→x ) t = t′. As it is well-known (see, e.g.,
[26])

E ` (∃−→x ) t = t′ ⇔ E `ind (∃−→x ) t = t′

therefore, narrowing is an inductive inference method.
Natural narrowing can, using the two reductions just
mentioned, provide a very efficient semidecision proce-
dure for proving such inductive goals because it will
detect failures to unify, stopping with a counterexam-
ple instead of blindly expanding the narrowing tree. In
particular, natural narrowing can be added to induc-
tive provers such as Maude’s ITP [13]. In cases when
equational narrowing is ensured to terminate (see [39]),
natural narrowing can also be used to prove univer-
sal inductive goals of the form E `ind (∀−→x ) C ⇒
t = t′, with C a conjunction of equations, because
we can reduce proving such a goal to first solving
E `ind (∃−→x ) C by natural narrowing, and then proving
E `ind (∀−→x ) σ(t) = σ(t′) for each of the solutions σ
found for C.

Inductionless Induction: Natural narrowing can
also be useful in proving universal inductive theorems
like E `ind (∀−→x ) t = t′, even in the case where equa-
tional narrowing is not guaranteed to terminate. Specif-
ically, natural narrowing can be fruitfully integrated in
automatic techniques that use narrowing for proving
or refuting such goals, such as inductionless induction
[14, 15].

Inductionless induction aims at automatically prov-
ing universal inductive theorems without using an ex-
plicit induction scheme, as in implicit induction tech-
niques such as [45, 10, 41]. It simplifies the task by
using classical first-order theorem provers which are
refutation-complete and saturation-based, and a ded-
icated strategy to ensure (in-)consistency. Given a set
C of equations that are to be proved or refuted (also un-
derstood as conjectures) in the initial model for a set of
equations E, the technique considers a (first-order) ax-
iomatization A of the initial model that represents the
“negative” information about inequalities in the model.
The key fact that is exploited is that the conjectures
C are inductive theorems if an only if C ∪ A ∪ E is
consistent. This consistency check is in turn performed
in two stages3: (i) first the logical consequences of C
using E are computed, and (ii) the consistency of each
such consequence with A is checked using a refutation-
ally complete theorem-prover. The conjectures are true
if and only if there are no logical consequences that are
inconsistent with A.

The relevant point in this inductionless induction
technique is that deductions of C are computed by an
unrestricted version of narrowing called superposition,
with some additional tactics to eliminate redundant (or
irrelevant) consequences. Specifically, the conjectures
in C are narrowed using oriented equations E to obtain
the logical consequences. The consistency of each such
non-redundant consequence with A is checked as be-
fore, until the superposition does not return any more
non-redundant consequences. Now, a complete narrow-
ing strategy such as our natural narrowing can be used
instead of unrestricted narrowing to compute a smaller
set of deductions, which can increase the chances of ter-
mination of the procedure above, without loss of sound-
ness. Section 6.2 illustrates this with an example where
inductionless induction is able to prove an inductive the-
orem with the natural narrowing strategy, but not with
unrestricted narrowing. Given the completeness prop-
erty of natural narrowing (see Theorem 4), soundness
of the inductionless induction scheme is preserved pro-
vided E is confluent, terminating, and sufficiently com-
plete with respect to the constructor symbols C.

3Under suitable assumptions about E and A (see [14]).
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3.4 Partial Evaluation

Partial evaluation (PE) is a semantics-based program
transformation which specializes a program with re-
spect to known parts of its input [33, 1, 2, 16]. PE
has been widely applied in the fields of term rewriting
systems [35], functional programming [33, 43], logic pro-
gramming [16], and functional logic programming [1, 2].
The different techniques for partial evaluation in all the
different contexts share a common idea of narrowing
sequences. Indeed, “partially evaluating” a functional
term for which only some of its inputs are known, while
the others “unknowns” are represented by logical vari-
ables, is essentially the same as narrowing such a term
with some added stopping criterion. This is sometimes
implicit in the usual PE and supercompilation termi-
nology, where such kind of narrowing is often described
by other names such as driving. However, the use of
narrowing has already been explicitly considered as a
unifying framework for partial evaluation in [1, 2].

The core of PE is that a finite narrowing tree is
produced from the input term t by using a narrow-
ing strategy and an unfolding rule (or stopping criteria)
[1]. Then the specialized program is obtained from the
leaves of this narrowing tree, i.e., informally speaking
we apply the computed substitutions to the initial term,
which gives us the left-hand sides of the specialized
rules, and take the leaves as the corresponding right-
hand sides. Hence, the success of the partial evaluation
lies in having a good narrowing strategy and a good un-
folding rule. A näive (and not very interesting) instance
would be to consider unrestricted narrowing and an un-
folding rule such as “stop constructing the narrowing
tree when it reaches depth k”.

Our natural narrowing strategy can be very use-
ful for PE applications for several reasons. First, by
being optimal in the sense of lazily instantiating only
those variables that are needed (see Section 5), it can
avoid combinatorial explosions while constructing the
narrowing tree, which is the main danger in PE algo-
rithms. Second, it can be applied much more generally
than previous PE techniques to rewrite systems having
non-functional semantics, an area where, to the best of
our knowledge, PE techniques have not yet been ap-
plied. Third, as illustrated by the PE example in Sec-
tion 6.1, it can result in smaller, more efficient special-
ized programs than those obtained using other narrow-
ing strategies.

4 Natural Rewriting

In this Section, we generalize the natural rewriting
strategy of [20] to the larger class of rewrite theories
that are not left-linear and constructor-based. A note-

worthy feature of the generalization is that it is con-
servative, i.e., the generalized strategy is identical to
the original for the class of left-linear constructor-based
rewrite systems. As a consequence, all the optimality
results presented in [20] are inherited by the generaliza-
tion.

4.1 Generalized Natural Rewriting

We are interested in a lazy strategy that, to the extent
possible, performs only those reductions that are essen-
tial for reaching head-normal forms. Now, if a term t
is not a head-normal form; then we know that after a
(possibly empty) sequence of rewrites at positions other
than the root, a rule l → r can be applied at the root.
Accordingly, we adopt the approach of computing a de-
manded set of redexes in t such that at least one of
the redexes in the demanded set has to be reduced be-
fore any rule can be applied at the root position in t.
This idea of demandedness for reductions at the root is
common in lazy evaluation strategies for programming
languages, such as outer-most needed rewriting [6].

Definition 1 For a term s and a set of terms T =
{t1, . . . , tn} we say that s is a context of the terms in T
if s ≤ ti for all 1 ≤ i ≤ n. It is the case that there is a
least general context s of T , i.e. for any other context
s′ we have s ≤ s′; further s is unique up to renaming
of variables. For 1 ≤ i ≤ n, let the substitution σi be
such that σi(s) = ti and Dom(σi) ⊆ Var(s). We define
the set Pos 6=(T ) of disagreeing positions between the
terms in T as p ∈ PosX(s) such that there is an i with
σi(s|p) 6= s|p.

Example 2 Consider the set of terms T =
{10! % (1−1), 10! % 0} borrowed from Exam-
ple 1. The least general context of T is the term
s = 10! % Z and the set of disagreeing positions be-
tween terms in T is Pos 6=(T ) = {2}. �

Definition 2 (Demanded positions) For terms l, t
let s be the least general context of l and t, and let σ
be the substitution such that σ(s) = l. We define the
set of demanded positions in t w.r.t. to l as

DPl(t) =
⋃

x∈Var(s)

if σ(x) /∈ X then Posx(s)
else Q.Pos 6=(t|Q)
where Q = Posσ−1(σ(x))(s)

Let us dissect the definition above. Intuitively, the
set DPl(t) returns a set of positions in t at which t
necessarily has to be “changed” before the rule l → r
to be applied at the root position, i.e., for l to be able
to match the term under consideration. Suppose, s is
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the least general context of l and t, and σ is such that
σ(s) = l. Note that for every non-variable position p in
s, it is the case that t and l have the same symbol at p.
Now, if σ maps a variable x ∈ Var(s) to a non-variable
term, then t and l disagree (have a different symbol) at
every position p ∈ Posx(s); this is a consequence of the
fact that s is the least general context of l and t. The
other case is where a variable x ∈ Var(s) is mapped to
a possibly non-linear variable of l. In this case, consider
the positions of all the variables in s that are mapped
to the same variable as x, namely Q = Posσ−1(σ(x))(s).
Now, l matches t only if all the subterms of t at positions
in Q are identical. Thus, we compute the disagreeing
positions Pos 6=(t|Q), and add Q.Pos 6=(t|Q) to the set
DPl(t). Finally, note that when l ≤ t, it is the case that
l is the least general context of l and t, and DPl(t) = ∅.

Example 3 Consider the left-hand
side l = X ≈ X and the term
t2 = 10! % (1−1) ≈ 10! % 0 of Example 1.
The least general context of l and t2 is s = W ≈ Y.
Now, for σ = {W 7→ X, Y 7→ X}, we have σ(s) = l.
While computing DPl(t2), we obtain the set of
disagreeing positions between the subterms in t2
corresponding to the non-linear variable X in l, i.e. the
set Pos 6=(10! % (1−1), 10! % 0) = {2}. Thus,
DPl(t2) = {1, 2}.{2} = {1.2, 2.2}. �

Note that the symbol at a position p ∈ DPl(t) in t
can be changed by not only a rewrite at p, but also by
a rewrite at a position q < p. Thus, besides consider-
ing the positions in DPl(t) as candidates for rewrites,
we also need to consider the positions q in t that are
above some position in DPl(t). However, we only need
to consider those positions q at which t has a defined
symbol that is not frozen, because otherwise a rewrite
at that position in t is not possible. Thus, for a posi-
tion q in a term t, we define D↑

t (q) = {p | p ≤ q ∧ p ∈
PosD(t) ∧ p is not frozen}. We lift this to sets of posi-

tions as D↑
t (Q) = ∪q∈QD↑

t (q).

Example 4 Consider the TRS in Example 1, the term

t = 0 ÷ s(10!) ≈ 0 ÷ s(s(10!))

and the rule l = X ≈ X → True. We have DPl(t) =
{1.2.1, 2.2.1}, and the subterms at positions 1.2.1 and
2.2.1 should be identical for the above rule to be applied
at the root position. Now, reductions in only the sub-
term 10! at position 1.2.1 would never result in s(10!),
which is the subterm at position 2.2.1, and vice versa.
The right reduction sequence leading to constant True

is the one reducing the symbols ÷ above the demanded
positions 1.2.1 and 2.2.1:

0 ÷ s(10!) ≈ 0 ÷ s(s(10!))

→ 0 ≈ 0 ÷ s(s(10!)) → 0 ≈ 0 → True

�

We are now ready to compute the demanded set of
redexes of a given term t.

Definition 3 (Demanded redexes) We define the
demanded set of redexes of a term t as

DR(t) =
{〈Λ, l→r〉 | l ∈ L(R) ∧ l ≤ t} ∪
⋃

q∈SP(t)\{Λ} q.DR(t|q)

where for a set of redexes S, we define q.S =
{〈q.p, l→r〉 | 〈p, l→r〉 ∈ S}, and

SP(t) =

⋃

l∈L(R)∧l≤t D↑
t (PosX(l)) ∪

D↑
t (

⋃

l∈L(R) DPl(t) )

The set DR(t) is recursively computed as follows.
Whenever l ≤ t for a rule l → r, the redex 〈Λ, l → r〉 is
included in DR(t). When l 6≤ t, we recursively compute

DR(t|q) for each position q ∈ D↑
t (DPl(t)). The case

l ≤ t has an additional subtlety; specifically, in this
case, we also have to recursively compute DR(t|q) for
the positions q in t that have a defined symbol and that
are above a variable position in l. This is necessary
for the strategy to be complete, as illustrated by the
following example.

Example 5 Consider the TRS

(i) first(pair(X,Y)) → X

(ii) pair(X,Y) → pair(Y,X)

and the term t = first(pair(a,b)). Suppose we sim-
ply define

SP(t) = D↑
t (∪l∈L(R)DPl(t))

Then DR(t) = {〈Λ, (i)〉}, and the only rewrite sequence
starting from t and beginning with a redex in DR(t)
would be

first(pair(a,b)) → a

But the term t can also be reduced to the head-normal
form b as follows

first(pair(a,b)) → first(pair(b,a)) → b (*)

Hence, although the left-hand side of rule (i) matches
t, for the strategy to be complete, we also have to con-
sider the subterm pair(a,b) of t at position 1 (which is
above variable positions 1.1 and 1.2 in the left-hand side
of rule (i)), and recursively compute DR(pair(a,b)).
Then we will have DR(t) = {〈Λ, (i)〉, 〈1, (ii)〉}, which
enables us to account for the rewrite sequence (∗) above.
�

From now on, while displaying the sets DR(t) in ex-
amples, we will omit the rule l → r in a redex 〈p, l → r〉
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and simply write 〈p〉, whenever there is no scope for
ambiguity about the rule.

Example 6 Consider again the following term from
Example 1: t2 = 10! % (1−1) ≈ 10! % 0, and
the computation of DR(t2). Since t2 is not a redex, we
have that

DR(t2) = ∪q∈SP(t2)\{Λ}q.DR(t2|q)

Bow, since t2 is not a redex, we have SP(t2) =

D↑
t2(∪l∈L(R)DPl(t2)). Now, from Example 3, we have

that DPl(t2) = {1.2, 2.2} for the rule l = X ≈ X and
DPl′(t2) = {Λ} for any other rule l′ in R. So then,

D↑
t2(∪l∈L(R)DPl(t2)) = {Λ, 1, 2, 1.2} where the position

2.2 has been removed since it is not rooted by a defined
symbol. Hence, we have

DR(t2) = 1.DR(t2|1) ∪ 2.DR(t2|2) ∪ 1.2.DR(t2|1.2)

Now, we consider DR(t2|1.2). Subterm 1 − 1 at posi-
tion 1.2 is a redex and thus 〈Λ〉 ∈ DR(t2|1.2). Further-
more, SP(t2|1.2) \ {Λ} = ∅ because all symbols under
root position in 1 − 1 are constructor symbols. Thus,
we have DR(t2|1.2) = { 〈Λ〉 }.

Next, we consider DR(t2|1). The subterm
10! % (1−1) is not a redex, and thus

DR(t2|1) = ∪q∈SP(t2|1)\{Λ}q.DR(t2|1.q)

Now consider SP(t2|1). Since 10! % (1−1) is not a

redex, we have SP(t2|1) = D↑
t2|1

( ∪l∈L(R)DPl(t2|1) ).

Consider DPl(t2|1) and DPl′(t2|1) for left-hand sides
l = M % s(N) and l′ = (0 − s(M)) % s(N); note
that DPl′′(t2|1) = {Λ} for any other rule l′′ in R. Then,
we have DPl(t2|1) = {2} and DPl′(t2|1) = {1, 2} and
we so

DR(t2|1) = 1.DR(t2|1.1) ∪ 2.DR(t2|1.2)

Now, this implies that we have to compute recursively
DR(t2|1.1) and DR(t2|1.2). Now, DR(t2|1.2) was al-
ready computed before, and the reader can check that
DR(t2|1.1) = {〈Λ〉}. So, we can conclude DR(t2|1) =
{ 〈1〉, 〈2〉 }.

Finally, consider DR(t2|2). The subterm 10! % 0

is not a redex, thus

DR(t2|2) = ∪q∈SP(t2|2)\{Λ}q.DR(t2|2.q)

But using a similar reasoning that in the previous
term t2|1, we can conclude DR(t2|2) = { 〈1〉 }.
Putting everything together, we have that DR(t2) =
{〈1.1〉, 〈1.2〉, 〈2.1〉}. �

We are now ready to formally define the natural
rewriting strategy.

Definition 4 (Natural rewriting) We say term t
reduces by natural rewriting to term s, denoted by
t

m

→〈p,l→r〉 s (or simply t
m

→ s) if t →〈p,l→r〉 s and

〈p, l → r〉 ∈ DR(t).

Example 7 Continuing Example 6, we have three pos-
sible natural rewriting steps from the term t2: (i) a
rewriting step reducing the subterm 1−1 at position 1.2,
(ii) a rewriting step reducing the subterm 10! at posi-
tion 1.1, and (iii) a rewriting step reducing the subterm
10! at position 2.1. The last two rewriting steps are
undesirable and unnecessary for obtaining the normal
form True, as shown in Example 1. Using the further
refinements to the natural rewriting strategy presented
later in this section, we will be able to avoid reducing
these unnecessary redexes. �

It is worthy to note that although some refinements
are still necessary to obtain the efficient rewrite strategy
we desire, we are already able to avoid some unnecessary
rewrite steps while computing head-normal forms, as
shown in the following example.

Example 8 Consider Example 1 and the term t =
0 ÷ s(10!). The term is a redex, so we have DR(t) =
{ 〈Λ〉 } ∪ ∪q∈SP(t)\{Λ}q.DR(t|q). Now we have SP(t) =

{Λ} ∪ D↑
t ( ∪l∈L(R)DPl(t) ). Now, DPl(t) = ∅ for

l = 0 ÷ s(M), DPl′(t) = {1} for l′ = s(M) ÷ s(N),
and DPl′′(t) = {Λ} for any other rule l′′ in R. Then,
SP(t) = {Λ}, since position 1 corresponds to a con-
structor, and therefore DR(t) = { 〈Λ〉 }. So, our
natural rewriting strategy performs only the sequence:
0 ÷ s(10!) → 0 and avoids any reduction on the
computational expensive term 10!. �

Theorem 1 (Correctness) If a term t is a
m

→ -
normal form, then t is root-stable.

The following lemma formalizes the intuitive idea
that DR(t) returns a demanded set of redexes.

Lemma 1 Consider a rewrite sequence

t →〈p1,l1→r1〉 t1 · · · →〈pn,ln→rn〉 tn

such that pn = Λ. Then, there is a k s.t. 1 ≤ k ≤ n
and 〈pk, lk→rk〉 ∈ DR(t).

To prove completeness, we will show that whenever
there is a rewrite sequence π = t →∗ t′, then there is
also a rewrite sequence t →〈q,l→r〉 s →∗ t′ that be-
gins with a redex 〈q, l → r〉 ∈ DR(t). Furthermore,
the rewrite sequence π′ = s →∗ t′ is “smaller” in an
appropriate sense in comparison to π. Specifically, we
will define a well-founded metric on rewrite sequences,
and show that the metric of π′ is strictly smaller than
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that of π. The completeness result will then follow by
noetherian induction on this metric.

Definition 5 Given a rewrite sequence π =

t0
p1

−→ t1 · · ·
pn
−→ tn, we define a metric µ(π) as follows.

• Let k be the smallest integer such that pk = Λ, if
any. Then,

µ(π) = µ(π1).1.µ(π2)

where π1 = t0 →∗ tk−1 and π2 = tk →∗ tn.

• If pi 6= Λ for all i, then let q1, . . . , qk be the outer-
most positions in p1, . . . , pn. We define

µ(π) =

k
∑

i=1

µ(π|qi
)

where + is inductively defined as: n1.v1 + n2.v2 =
(n1 + n2).(v1 + v2) ε + v = v, and v + ε = v.

We define the ordering < on metrics as follows v1 < v2

if (i) |v1| < |v2|, or (ii) |v1| = |v2|, v1 = v′1.n1.v, v2 =
v′2.n2.v, and n1 < n2. Note that < is a well-ordering.

The metric µ(π) essentially represents the paral-
lelism that is implicit in the rewrite sequence π. Specif-
ically, consider the rewrite sequence in Definition 5. If
pk = Λ, then the first k − 1 rewrites in π have to be
performed before the kth rewrite, and similarly the kth

rewrite has to be performed before any of the remain-
ing n − k rewrites. On the other hand, if pi and pj

are two different outermost positions in p1, . . . , pn then
all the rewrites in π|pi

and π|pj
can be performed par-

allely. Thus, |µ(π)| is the number of sequential steps
that would remain when π is parallelized to the extent
possible, and further, if the ith number in the sequence
µ(π) is ni then the ith step in the parallelized version
of π would contain ni parallel reductions.

Example 9 Consider the TRS of Example 1 and the
following sequence π:

s((0 − 0) − 0) − s(0 − 0)

→ s(0 − 0) − s(0 − 0) → s(0) − s(0 − 0)

→ s(0) − s(0) → 0 − 0 → 0

The metric for this sequence is µ(π) = µ(π′).1, where
π′ is the sequence containing the first four steps of π.
Further, µ(π′) = µ(π′′).1, where π′′ is the sequence
containing the first three steps of π. Now, the out-
ermost positions of π′′ are namely 1.1 and 2.1, and
hence we have µ(π′′) = µ(π′|1.1) + µ(π′|2.1). Further,
π′|1.1 = (0 − 0) − 0 → 0 − 0 → 0, and π′|2.1 =
0 − 0 → 0. Now, µ(π′|2.1) = 1, and the reader can
check that µ(π′|1.1) = 1.1. So finally, µ(π) = µ(π′).1 =
µ(π′′).1.1 = (µ(π′|1.1) + µ(π′|2.1)).1.1 = (1.1 + 1).1.1 =

2.1.1.1, that indicates that there are two steps at the
beginning that can be performed parallely, followed by
three other steps that cannot be performed parallely. �

Lemma 2 Let π = t1 →∗ t2 →〈q,l→r〉 t3 →∗ t4
where 〈q, l → r〉 ∈ DR(t1) and none of the redexes in
t1 →∗ t2 is in DR(t1). Then, there is a rewrite sequence
t1 →〈q,l→r〉 s →∗ t4 such that µ(s →∗ t4) < µ(π).

Theorem 2 (Completeness) If t →∗ s, then there

is an s′ such that t
m

→∗ s′, root(s′) = root(s) and

s′
>Λ
−→∗ s.

In the remaining part of this section, we further re-
fine the natural rewriting strategy, using the notions
of failing terms and most frequently demanded posi-
tions, both of which were originally introduced in [20],
although for the special case of left-linear onstructor-
based systems.

4.2 Failing Terms

For a position p and a term t, we define the set Rt(p) of
reflections of p w.r.t. t as follows: if p is under a variable
position in t, i.e., p = q.q′ for some q such that t|q = x
then Rt(p) = Posx(t).q′, else Rt(p) = {p}. We say that
the path to p in t has (non-frozen) defined symbols if
there is q ≤ p and q 6= Λ such that q is not frozen in t
and root(t|q) ∈ D.

Definition 6 (Failing term) Given terms l, t, we say
t is failing w.r.t. l, denoted by l J t, if there is p ∈
DPl(t) such that the path to p in t does not have defined
symbols, and either of the following holds:

• for every q ∈ Rl(p)∩DPl(t), the path to q in t does
not have defined symbols,

• there is q ∈ Rl(p) ∩ DPl(t) with root(t|p) 6=
root(t|q), and the path to q in t does not have de-
fined symbols.

The idea behind the definition above is that if l J t,
then no sequence of reductions in t will help produce a
term to which the rule l → r can be applied at the root.
We can thus safely ignore the positions demanded by l
while computing the set DR(t).

Example 10 Consider the terms t = 10! % 0 and
l = M % s(N) from Example 1. We have that l J t
because the position 2 ∈ DPl(t), Rl(2) = {2}, and the
path to position 2 in t has no defined symbol except the
root symbol. Now, consider the terms t′ = s(Z) ≈ 0

and l′ = X ≈ X, again from Example 1. We have l′ J t′,
since the position 1 ∈ DPl′(t

′), Rl′(1) = {1, 2}, the path
to position 1 has no defined symbols, root(t′|1) = s 6=
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0 = root(t′|2), and the path to position 2 in t′ has no
defined symbol. �

Definition 7 We refine the set DR(t) in Definition 3
by refining the set SP(t) as follows

SP(t) =

⋃

l∈L(R)∧l≤t D↑
t (PosX(l)) ∪

D↑
t (

⋃

l∈L(R)∧l 6Jt DPl(t) )

With trivial modifications to the proofs, the correct-
ness and completeness properties of natural rewriting
hold with this refined Definition 7 instead of Defini-
tion 3.

Example 11 Let us continue Example 7 with the term

t2 = 10! % (1−1) ≈ 10! % 0

With the refined Definition 7 we have DR(t2) =
{〈1.1〉, 〈1.2〉} and the redex at position 2.1 is not con-
sidered anymore. The reason is that from Example 10,
it follows that the subterm 10! % 0 is failing w.r.t.
every rule, and hence SP(t2|2) = ∅. Hence, we have
only two possible rewriting steps from the term t2: (i)
a rewriting step reducing the subterm 1−1 at position
1.2, and (ii) a rewriting step reducing the subterm 10!

at position 1.1. The second rewrite step is still undesir-
able and its removal motivates the further refinement
introduced below. �

4.3 Most Frequently Demanded Positions

Suppose l 6≤ t, l 6J t, and we have a rewrite sequence

t
p1

−→ . . . tn−1 →〈pn,l→r〉
tn where pn = Λ. Then, ob-

serve that for every q ∈ DPl(t), there is a reduction
above a position in Rl(q), i.e., there is q′ ∈ Rl(q) and k

such that pk ∈ D↑
t (q′); clearly, only then it is possible

that l ≤ tn−1. Now, recall that we are only interested
in computing a demanded set of redexes in t such that
before any rule can be applied at the root position in t,
at least one of the redexes in the demanded set has to
be reduced. Therefore, while computing the set SP(t)
in Definition 7, for each l ∈ L(R) such that l 6J t, in-
stead of considering (the defined symbols above) every
position in DPl(t), it is sufficient to consider only the
positions Rl(q) for at least one q ∈ DPl(t). This moti-
vates the following refinement of Definition 7.

Definition 8 For sets of positions Q1, . . . , Qn, we
write Cover({Q1, . . . , Qn}) to denote a set cover of
Q1, . . . , Qn. We refine the set DR(t) by changing the
set SP(t) as follows:

SP(t) =

⋃

l∈L(R)∧l≤t D↑
t (PosX(l)) ∪

D↑
t (Cover(

⋃

l∈L(R)∧l 6Jt{DPl(t)}))

where the set P = Cover(
⋃

l∈L(R)∧l 6Jt{DPl(t)} ) is such

that whenever q ∈ P then Rl(q) ⊆ P .

For the set cover P above, we can take a minimal
set cover that satisfies the desired conditions; roughly,
this amounts to giving priority to those positions in t
that are demanded by the maximum number of rules.
This idea of giving priority to ’popular’ demanded po-
sitions is familiar from other lazy evaluation strategies
such as outer-most needed rewriting [6], and was first
formalized in a similar fashion as above in [20]. With
trivial modifications to the proofs, the correctness and
completeness properties of natural narrowing hold also
with the above refinement.

Example 12 Consider the subterm t =
10! % (1−1) of the term t2 in Example 1. Consider
also the left-hand sides of the rules (3) and (4):
l3 = M % s(N) and l4 = (0 − s(M)) % s(N). We
have that DPl3(t) = {2} and DPl4(t) = {1, 2}, and the
set P = {2} covers DPl3(t) and DPl4(t). Now, let us
continue with term t2 = 10! % (1−1) ≈ 10! % 0

from Example 11. With Definition 8, the redexes com-
puted by the natural rewriting strategy become even
more refined. Specifically, we have DR(t2) = {〈1.2〉}
and the redex at position 1.1 is not considered anymore.
The reason is that since position 2 in 10! % (1−1)
is enough to obtain a set cover of all the positions
demanded by rules (3) and (4), the position 1 in
the subterm t2|1 is not considered as demanded, i.e.
SP(t2|1) = {2, Λ}. Finally, we have only the optimal
possible rewriting step for position 1.2 from the term
t2 and the optimal rewrite sequence:

10! % (s(0)−s(0)) ≈ 10! % 0

→ 10! % (0−0) ≈ 10! % 0

→ 10! % 0 ≈ 10! % 0 → True

Note that, for the terms

t3 = 10! % (0−0)) ≈ 10! % 0

t4 = 10! % 0 ≈ 10! % 0

that occur in the rewrite sequence above, we have
DR(t3) = {〈1.2〉}, and DR(t4) = {〈Λ〉}. �

5 Generalizing Natural Narrowing

Following the idea behind natural rewriting, the nat-
ural narrowing strategy computes a demanded set of
narroxes such that at least one of the narroxes in the
set has to be applied before any narrowing step can be
performed at the root position of a given term. Now,
roughly speaking, narrowing is simply an extension of
rewriting, where in addition to rewriting at non-variable
positions, one can also instantiate variables. Accord-
ingly, we define the natural narrowing strategy as an
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extension of the natural rewriting strategy, where in
addition, the demanded variable positions are lazily in-
stantiated. Indeed, we will have the following relation
between natural rewriting and natural narrowing:

If σ is a normalized substitution and
σ(t)

m

→〈p,l→r〉 s, then there are η, θ, s′ such

that t
m

 〈p,l→r,θ〉 s′, σ|Var(t) = (η ◦ θ)|Var(t),

s = η(s′), and η is normalized.

Once this relation between natural rewriting and natu-
ral narrowing is established, the desired correctness and
completeness properties of natural narrowing easily fol-
low from Theorems 1 and 2.

Before formally defining the natural narrowing strat-
egy, we illustrate through an example how lazy instan-
tiation of most frequently demanded variable positions
gives us a very efficient narrowing strategy.

Example 13 Consider the rewrite theory of Example 1
for proving equality of arithmetic expressions on natu-
ral numbers together with the following rules expressing
the minimum (min) and addition (+) between two nat-
ural numbers.

(8) min(0,N) → 0

(9) min(s(N),0) → 0

(10) min(s(M),s(N)) → s(min(M,N))

(11) X + 0 → X

(12) X + s(Y) → s(X + Y)

Consider the term t = min(X,0 + X) ≈ 0, from
which only three narrowing sequences are possible.
First, a sequence to True which unifies the subterm
min(X, 0 + X) with the left-hand side of rule (8):

min(X, 0 + X) ≈ 0
�

[X7→0] 0 ≈ 0
�

id True

Second, the following sequence not leading to True,
where the subterm 0 + X unifies with the left-hand side
of rule (12).

min(X, 0 + X) ≈ 0
�

[X7→s(X’)] min(s(X’),s(0 + X’)) ≈ 0
�

id s(min(X’, 0 + X’)) ≈ 0

Note that although it is possible to further narrow the
term s(min(X’, 0 + X’)) ≈ 0, we are not interested
in it since the term is a head-normal form. Third,
the following narrowing sequence leading also to True,
where the subterm 0 + X unifies with the left-hand side
of rule (11):

min(X, 0 + X) ≈ 0
�

[X7→0] min(0,0) ≈ 0
�

id 0 ≈ 0
�

id True

However, this third narrowing sequence is superfluous
when compared to the first one, since it produces the
same head-normal form True with the same unifier, but
with an extra rewriting step. If we look closely at the
rules defining symbol min, we can see that the posi-
tion 1 of the term min(X, 0 + X) is more demanded

than position 2. Therefore, we would like to instanti-
ate the variable X before narrowing the subterm 0 + X,
which gives us the second narrowing sequence above and
avoides the third. Indeed, the startegy of lazily instan-
tiating the most frequently demanded variable positions
is complete, as shown in Theorem 4 below.

�

We will be using the notions of demanded positions
(Definition 2), failing terms (Definition 6), and most
frequently demanded positions (Definition 8), as in the
case of natural rewriting. However, since variables can
be instantiated while narrowing, the notion of failing
terms in Definition 6 is adapted to the narrowing case
as follows.

Definition 9 (Failing terms for narrowing) Given
terms l, t, we say t is failing w.r.t. l for narrowing,
denoted also by l J t, if the conditions of Definition
6 hold, but with each statement “has no defined sym-
bols” replaced by “has neither defined symbols nor a
variable.”

In addition, we define a set of demanded substitu-
tions, to address the question of what substitutions the
demanded variable positions are to be instantiated with.

Definition 10 (Demanded substitutions) We de-
fine the set DSub(t) of demanded substitutions for nar-
rowing t at the root position as follows. Let P be the
set cover computed in Definition 8. For each pair of
p ∈ P ∩ PosX(t), and l ∈ L(R) such that p ∈ DPl(t),
we construct the substitution σ as explained below,
and stipulate that σ ∈ DSub(t). If p ∈ PosD(l),
then σ = [t|p 7→ root(l|p)(w)] for fresh variables w.
On the other hand, if p /∈ PosD(l), then we know
that p is under a non-linear variable position in l, and
|Rl(p) ∩ DPl(t)| > 1; let Q = Rl(p) ∩ DPl(t). There
are two cases: (i) if all the terms in t|Q are variables,
then we define σ to be such that for every q ∈ Q we
have σ(t|q) = w for a fresh variable w, (ii) if every non-
variable term in t|Q is rooted by the same symbol f ,
then we define σ = [t|p 7→ f(w)]. (Note that if there
are two positions p1, p2 ∈ Q such that the non-variable
terms t|p1

and t|p2
are rooted with different symbols,

then no substitution can resolve the conflict between
the disagreeing positions p1 and p2.)

Thus, substitutions are computed in a lazy and in-
cremental fashion without resorting to an explicit uni-
fication procedure. Now, we are ready to define the
demanded set of narroxes, closely following the scheme
for definition of the demanded set of redexes (Defini-
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tion 3).

Definition 11 (Demanded narroxes) We define the
set of demanded narroxes of a term t as

DN(t) = {〈Λ, l→r, id〉 | l ∈ L(R) ∧ l ≤ t} ∪
⋃

q∈SP(t)\{Λ} q.DN(t|q) ∪
⋃

σ∈DSub(t) DN(σ(t))@σ

where SP(t|q) is defined as in Definition 8 (but with the
modified notion of failing as in Definition 9), and for a
set of narroxes S we define

q.S = {〈q.p, l→r, θ〉 | 〈p, l→r, θ〉 ∈ S}

S@σ = {〈p, l→r, θ ◦ σ〉 | 〈p, l→r, θ〉 ∈ S}

Definition 12 (Natural narrowing) We say term
t reduces by natural narrowing to term s, denoted

by t
m

 〈p,l→r,σ〉 s (or simply t
m

 s) if t  〈p,l→r,σ〉 s,

〈p, l → r, σ〉 ∈ DN(t), and p ∈ PosD(t).

Note that the strategy above considers only the nar-
roxes 〈p, l → r, σ〉 such that p ∈ PosD(t). Specifically,
we ignore the narroxes at positions within the computed
substitution σ. This is sufficient for the correctness
and completeness results we are interested in, which
are concerned only with normalized substitutions (see
Theorems 3 and 4).

Example 14 Consider the rewrite system with the
following two rules:

f(a) → b a → b

Given t = f(X), we have that

DN(t) = { 〈Λ, f(a)→b, [X 7→ a]〉, 〈1, a→b, [X 7→ a]〉 }

but only the first narrox is considered by natural nar-
rowing. �

Of course, we can modify Definition 11 so that DN(t)
does not return the narroxes at positions within the
computed substitutions. However, we have defined
DN(t) as above in the interest of a simpler exposition.
We are now ready to state the correctness and com-
pleteness properties of the natural narrowing strategy.
The key fact used in establishing these properties is the
correspondence between natural rewriting and natural
narrowing, as stated by the following lemma.

Lemma 3 (Completeness w.r.t. rewriting) For a

normalized substitution σ, if σ(t)
m

→〈p,l→r〉 s, then there

are η, θ, s′ such that t
m

 〈p,l→r,θ〉 s′, σ|Var(t) = (η ◦

θ)|Var(t), s = η(s′), and η is normalized.

Theorem 3 (Correctness) If t is not a variable and

is a
m

 -normal form, then σ(t) is root-stable for every
normalized σ.

Theorem 4 (Completeness) If σ(t) →∗ s and σ is a
normalized substitution, then there are s′, θ, θ′ such that

t
m

 ∗
θ s′, θ′(s′)

>Λ
−→∗ s, and σ|Var(t) = (θ′ ◦ θ)|Var(t).

The following example shows that the completeness
result need not hold for non-normalized substitutions.

Example 15 Consider the following rewrite system
from [38]:

(i) f(b,c) → d (ii) a → b (iii) a → c

For the term t = f(X,X) and substitution σ = [X 7→
a] we have σ(t) →∗ d. But the natural narrowing strat-
egy can not compute the normal form d. Specifically,
positions 1 and 2 in t are demanded by rule (i), and the
variable X is instantiated with substitutions [X 7→ b] and
[X 7→ c] which are inferred from the rule (i). However,
both f(b,b) and f(c,c) are failing w.r.t. the left-hand
side of rule (i). Thus DN(t) = ∅, and the strategy does
not narrow the term f(X,X) any further. �

6 Examples for Application Areas

In this section, continuing on the motivational explana-
tion in Section 3, we provide examples that illustrate
in greater detail how the generalized natural narrowing
strategy can efficiently support partial evaluation and
inductionless induction.

6.1 Partial evaluation

We show how partially evaluating programs using more
efficient narrowing strategies can result in smaller and
more efficient specialized programs. This was recently
illustrated in [3] using the needed narrowing strategy.
Since our natural narrowing strategy is strictly better
than need narrowing, it gives us better specialized pro-
grams than needed narrowing, as shown in the following
example.

Example 16 Consider the problem of coding the rather
simple inequality x + y + z + w 6 h for natural num-
bers x, y, z, w, h, which is implemented by the following
program.

solve(X,s(Y),s(Z),W,s(H)) → solve(X,Y,s(Z),W,H)

solve(X,0,s(Z),W,s(H)) → solve(X,0,Z,W,H)

solve(s(X),Y,0,W,s(H)) → solve(X,Y,0,W,H)

solve(0,s(Y),0,W,s(H)) → solve(0,Y,0,W,H)

solve(0,0,0,s(W),s(H)) → solve(0,0,0,W,H)

solve(0,0,0,0,H) → True

solve(0,0,0,s(W),0) → False

solve(s(X),Y,0,W,0) → False
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solve(X,0,s(Z),W,0) → False

solve(0,s(Y),Z,0,0) → False

solve(0,s(Y),0,s(W),0) → False

solve(X,s(Y),s(Z),s(W),0) → False

solve(s(X),s(Y),s(Z),0,0) → False

X + 0 → X

X + s(Y) → s(X) + Y

Now, consider the input

t = solve(X + Y,0,s(s(s(0))),W,s(s(0)))

for which the program above is to be specialized.
Clearly, the specialized program should always evalu-
ate to false regardless of what the rest of the input is.
Further, t can be rewritten to False without instanti-
ating the variables X, Y and W as follows:

solve(X + Y,0,s(s(s(0))),W,s(s(0)))

→ solve(X + Y,0,s(s(0)),W,s(0))

→ solve(X + Y,0,s(0),W,0)

→ False

Our natural narrowing strategy is able to provide this
optimal computation whereas needed narrowing [6]
yields an unnecessarily bigger narrowing tree; see Ap-
pendix C. The specialized program that we obtain using
our natural narrowing strategy in the partial evaluation
framework of [1] is

solve’(X,Y,W) → False

which is simpler than the one obtained by using needed
narrowing (see Appendix C for more details).

solve’(X,Y,W) → False

solve’(X,0,W) → False

solve’(X,s(Y’),W) → solve’(s(X),Y’,W)

�

6.2 Inductionless induction

Example 17 Consider the rewrite system of Example
16, and the conjecture

(c1) solve(0,Z,s(0),X + Y,Z) =

solve(0,Z,s(0),Y + X,Z)

The inductionless induction method using unre-
stricted narrowing is not able to prove this conjec-
ture because it goes into a loop by generating infinitely
many non-redundant logical consequences of the con-
jecture (see Appendix D for details). These conse-
quences are generated when the subterms Y + X and
X + Y are narrowed by unrestricted narrowing. How-
ever, our natural narrowing strategy never narrows the
above subterms, resulting in only finitely many non-
redundant consequences; and thus inductionless induc-
tion is able to prove the conjecture. The above subterms
are avoided because while narrowing the left and right

sides of the conjecture, the strategy determines that
variable Z is at the most frequently demanded positions
in c1. Then, the strategy lazily instantiates the variable
Z with 0 and s(W), and both these instantiations make
the conjecture c1 fail with respect to the rules that de-
mand the subterms Y + X and X + Y (see Appendix
D for details). �

Another relevant point is the observation that our
natural narrowing strategy can be used as the basis of
a much simpler inductionless induction procedure where
no inconsistency checks and no use of a first-order the-
orem prover based on saturation are needed, and only
some tactics on top of the natural narrowing strategy to
eliminate redundant deductions is necessary. The point
is that logical consequences obtained by saturation and
the inconsistency check with A can be implicitly per-
formed by the natural narrowing strategy: for exam-
ple, with the rule X ≈ X → True added to the set of
equations E, inconsistency can be detected as failure of
natural narrowing to further narrow a conjecture of the
form t ≈ t′, as shown in the following example. Such an
inductionless induction procedure would be applicable
to a very broad class of equational theories, namely to
theories that are terminating, confluent, and sufficiently
complete with respect to constructor symbols C.

Example 18 Consider again the rewrite system of Ex-
ample 17, but now with the conjecture s(X + Y) = Y.
If we add the rule X ≈ X → True to the rewrite sys-
tem and execute the expression s(X + Y) ≈ Y with
our natural narrowing strategy, the following sequence
ending in a (failing) head-normal form different from
True is obtained by the strategy:

s(X + Y) ≈ Y
�

[Y7→0] s(X) ≈ 0

hence refuting the conjecture. �

7 Conclusions and Future Work

We have generalized the natural rewriting and narrow-
ing strategies of [20] so that they can be applied to a
much broader class of term rewrite systems. Specif-
ically, the generalization drops the requirement that
the rewrite system under consideration is left-linear
and constructor-based, which is a typical assumption
in functional (logic) programming. As a result of this
generality, a much broader range of applications such
as, symbolic reachability analysis of concurrent systems,
and theorem proving, can be efficiently supported by
our strategies. What thus emerges is an efficient and
unified mechanism based on narrowing, that seamlessly
integrates programming and proving.

Since our generalizations are conservative, we inherit
all the optimality results presented in [20] for the class of
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left-linear constructor-based rewrite systems. Further,
the strategies in [20] are the best known for the class
of left-linear constructor-based systems. An important
problem for future research is to investigate optimality
results of the generalized strategies for a larger class of
rewrite systems. We believe that the notion of induc-
tively sequential terms introduced in [20], that identifies
specific terms rather than classes of rewrite systems that
can be optimally evaluated, also provides significant in-
sights for the more general optimality results.

We observe that our generalized strategies are eas-
ily implementable, since the demanded set of redexes
and narroxes are computed using simple recursive pro-
cedures. Indeed in [21], we have proposed a technique
for the efficient implementation of the natural rewriting
and narrowing strategies for the special class of left-
linear constructor-based systems. Extending this im-
plementation technique to the generalized strategies we
have proposed is also a problem of interest.

Another interesting issue is to further generalize the
strategies to the case where rewriting and narrowing
are performed modulo a set of axioms (such as asso-
ciativity, commutativity, and identity), as in languages
such as ELAN [8] and Maude [12]. Specifically we are
interested in strategies for rewrite theories of the form
R = (Σ, φ, E, R) where E is a set of axioms. A gen-
eralized narrowing strategy for such rewrite theories,
that computes substitutions in an incremental manner,
would have a very important efficiency advantage since
it will not explicitly use unification algorithms for the
axioms E.

References

[1] M. Alpuente, M. Falaschi, and G. Vidal. Partial Evalu-
ation of Functional Logic Programs. ACM Transactions
on Programming Languages and Systems, 20(4):768–
844, 1998.

[2] M. Alpuente, M. Falaschi, and G. Vidal. A Unifying
View of Functional and Logic Program Specialization.
ACM Computing Surveys, 30(3es):9es, 1998.

[3] M. Alpuente, M. Hanus, S. Lucas, and G. Vidal. Spe-
cialization of Functional Logic Programs Based on
Needed Narrowing. Theory and Practice of Logic Pro-
gramming, 2004. To appear.

[4] S. Antoy. Definitional trees. In Proc. of the 3rd
Int’l Conference on Algebraic and Logic Programming
ALP’92, LNCS 632:143–157. Springer-Verlag, Berlin,
1992.

[5] S. Antoy, R. Echahed, and M. Hanus. Parallel evalua-
tion strategies for functional logic languages. In Proc. of
the Fourteenth Int’l Conference on Logic Programming
(ICLP’97), pages 138–152. MIT Press, 1997.

[6] S. Antoy, R. Echahed, and M. Hanus. A needed nar-
rowing strategy. In Journal of the ACM, volume 47(4),
pages 776–822, 2000.

[7] S. Antoy and S. Lucas. Demandness in rewriting and
narrowing. In Proc. of the 11th Int’l Workshop on Func-
tional and (Constraint) Logic Programming WFLP’02,
ENTCS 76. Elsevier Sciences Publisher, 2002.
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A Proofs of Section 4

The following is a property of DR(t) that is easy to
check, and that will be useful in the proofs below.

Remark 1 If 〈q, l→r〉 ∈ DR(t) and p ≤ q.q′ for q′ ∈

D↑
t (PosX(l)), then p.DR(t|p) ⊆ DR(t).

Theorem 1 If a term t is a
m

→ -normal form, then t
is root-stable.

Proof. By structural induction on t. Consider |t| = 1. If
t ∈ X or t ∈ C, then t is obviously root-stable. Consider
t = f ∈ D. Since DR(t) = ∅, by Definition 3, there is
no lhs rooted by symbol f and the conclusion follows.

Consider |t| > 1. We are done if for each rule l →
r ∈ R we show that (i) t is not a redex and (ii) for
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each p ∈ D↑
t (DPl(t)) the term t|p is root-stable. The

idea behind (ii) is that before a rule l → r ∈ R can be
applied at the root position in t, there has to be at least
one reduction at a non-root position p ∈ D↑

t (DPl(t)).
Now, (i) is clear from the fact that DR(t) = ∅, and (ii)
follows by the induction hypothesis, because, DR(t) =
∅ implies DR(t|p) = ∅ by Definition 3. �

Given two rewrite sequences π = t →∗ s and
π′ = s →∗ w, we write π; π′ for the sequence t →∗

s →∗ w. Given a rewrite sequence π = t0
p1

−→ t1; π
′

with π′ = t1
p2

−→ t2 · · ·
pn
−→ tn and given an outermost

position pk amongst p1, . . . , pn, we define the projection
π|pk

as follows:

π|pk
=











π if n = 0
π′|pk

if p1 ‖ pk

t0|pk

p1/pk
−→ t1|pk

; π′|pk
otherwise

Lemma 1 Consider a rewrite sequence

t →〈p1,l1→r1〉 t1 · · · →〈pn,ln→rn〉 tn

such that pn = Λ. Then, there is a k s.t. 1 ≤ k ≤ n
and 〈pk, lk→rk〉 ∈ DR(t).

Proof. We prove the lemma by induction on n. The base
case where n = 1 is obvious, because then 〈p1, l1→r1〉 ∈
DR(t). For the induction step, we may assume that
〈pn, ln→rn〉 is not a redex in t, because otherwise it is
in DR(t), and the statement follows. Then, we have
DPln(t) 6= ∅, and there is a q ∈ DPln(t) and k < n

such that pk ∈ D↑
t (q). Consider an outermost such pk,

and the rewrite sequence

π′ = π|pk
= t′ →〈p′

1
,l′

1
→r′

1
〉 t′1 · · · →〈p′

m,l′m→r′
m〉 t′m

where π = t →〈p1,l1→r1〉 t1 · · · →〈pk,lk→rk〉 tk and p′m =
Λ. By induction hypothesis, there is a j such that 1 ≤
j ≤ m and 〈p′j , l

′
j→r′j〉 ∈ DR(t′). Now, note that t′ =

t|pk
, p′j = pi/pk, and l′j→r′j = li→ri for some i s.t.

1 ≤ i ≤ k. But since pk ∈ D↑
t (DPln(t)), and hence in

SP(t), is follows that 〈pi, li→ri〉 ∈ DR(t) and we are
done. �

Lemma 4 Consider a rewrite sequence

t →〈p1,l1→r1〉 t1 · · · →〈pn,ln→rn〉 tn

such that 〈pi, li→ri〉 6∈ DR(t) for all i s.t. 1 ≤ i ≤ n.
Then, there is no i and 〈q, l→r〉 ∈ DR(t) such that
pi ≤ q.q′ for q′ ∈ PosX(l).

Proof. We prove the contrapositive. Suppose there is
an i such that 1 ≤ i ≤ n and pi ≤ q.q′ for q′ ∈ PosX(l).

Consider an outermost such pk, and the rewrite se-
quence

π′ = π|pk
= t′ →〈p′

1
,l′

1
→r′

1
〉 t′1 · · · →〈p′

m,l′m→r′
m〉 t′m

where π = t →〈p1,l1→r1〉 t1 · · · →〈pk,lk→rk〉 tk and p′m =
Λ. Now, by Lemma 1, there is 1 ≤ j ≤ m such that
〈p′j , l

′
j→r′j〉 ∈ DR(t′). Now, note that t′ = t|pk

, p′j =
pi/pk, and l′j→r′j = li→ri for some i s.t. 1 ≤ i ≤ k.
But by Remark 1, it follows that 〈pi, li→ri〉 ∈ DR(t)
and we are done. �

For a term s, a position q, and a rewrite sequence π =

t0
p1

−→ t1 · · ·
pn
−→ tn, we define the rewrite sequence s[π]q

as s[t0]q
q.p1

−→ s[t1]q · · ·
q.pn
−→ s[tn]q. For a term t, two dis-

joint positions p1, p2, and two rewrite sequences π1, π2,
we define the rewrite sequence π = t[π1]p1

� t[π2]p2
as

t[π1]p1
; s[π2]p2

where s is the target of t[π1]p1
. Note that

� is an associative operator, and µ(t[π1]p1
� t[π2]p2

) =
µ(π1) + µ(π2). For a set of mutually disjoint posi-
tions Q = {q1, . . . , qk}, we write t[π]Q as shorthand for
t[π]q1

� · · · � t[π]qk
. Note that if Q is the set of outer

most positions at which rewrites in a sequence π occur,
then we have π = ♦q∈Qt[π|q] where t is the source of
π, and hence µ(π) =

∑

q∈Q µ(π|q). The following are
some useful properties of the metric.

Lemma 5 |µ(π1 ; π2)| ≤ |µ(π1)| + |µ(π2)|.

Proof. A simple induction on |π2|.

Lemma 6 Let π = t1 →∗ t2
q

−→ t3 →∗ t4 and ρ =
t′1 →∗ t3 →∗ t4 be rewrite sequences such that |µ(t′1 →∗

t3)| ≤ |µ(t1 →∗ t2)|, and all the reductions in both
t1 →∗ t2 and t′1 →∗ t3 happen under the position q.
Then µ(ρ) < µ(π).

Proof. The proof is by induction on |t3 →∗ t4|. The
base case is obvious. For the induction step, suppose
the outermost positions at which the reductions in π
occur be p1, . . . , pn. Clearly, none of the reductions in
ρ occur at a position above pi for any 1 ≤ i ≤ n. Now,
we have µ(π) =

∑n
i=1 µ(π|pi

), and µ(ρ) =
∑n

i=1 µ(ρ|pi
).

Let k be such that pk ≤ q. Since all reductions in

t1 →∗ t2
q

−→ t3 and t′1 →∗ t3 occur under the position
q, for i 6= k we have π|pi

= ρ|pi
. Thus, we are done if

we show µ(ρ|pk
) < µ(π|pk

). Now, we have

π|pk
= t1|pk

→∗ t2|pk

q/pk
−→ t3|pk

→∗ t4|pk

ρ|pk
= t′1|pk

→∗ t3|pk
→∗ t4|pk

Again, since all reductions in t1 →∗ t2 and t′1 →∗ t3 oc-
cur under the position q and pk ≤ q, we have µ(t1|pk

→∗

t2|pk
) = µ(t1 →∗ t2), and µ(t′1|pk

→∗ t3|pk
) = µ(t′1 →∗

t3). Hence, |µ(t′1|pk
→∗ t2|pk

)| ≤ |µ(t1|pk
→∗ t3|pk

)|.
Further, all reductions in t1|pk

→∗ t2|pk
and t′1|pk

→∗

t3|pk
occur under the position q/pk. Now, there are two

possible cases.
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• q = pk: Then q/pk = Λ and hence we have

|µ(π|pk
)|

= |µ(t1|pk
→∗ t2|pk

)| + 1 + |µ(t3|pk
→∗ t4|pk

)|
> |µ(t′1|pk

→∗ t3|pk
)| + |µ(t3|pk

→∗ t4|pk
)|

≥ |µ(ρ|pk
)| (by Lemma 5)

• q 6= pk: Then, since there is a reduction at
the position pk in π, there is a reduction at the
root position Λ in t3|pk

→∗ t4|pk
, so that we

have t3|pk
→∗ u

Λ
−→ v →∗ t4|pk

. Let π′ =

t1|pk
→∗ t2|pk

q/pk
−→ t3|pk

→∗ u and ρ′ = t′1|pk
→∗

t3|pk
→∗ u. Then by induction hypothesis, we

have µ(ρ′) < µ(π′). But we also have that
µ(π|pk

) = µ(π′).1.µ(v →∗ t4|pk
) and µ(ρ|pk

) =
µ(ρ′).1.µ(v →∗ t4|pk

). From these observations it
follows that µ(ρ|pk

) < µ(π|pk
).

Thus, in either case we have µ(ρ|pk
) < µ(π|pk

) and
hence we are done. �

Definition 13 (Descendants of a position) Let

π : t
p

−→l→r s be a rewrite step and q ∈ Pos(t). The
set q\π of descendants of q in s is defined as follows:

q\π =







{q} if q < p or q ‖ p
{p.p3.p2 | r|p3

= l|p1
} if q = p.p1.p2, p1 ∈ PosX(l)

∅ otherwise

If Q ⊆ Pos(t) then Q\π denotes the set
⋃

q∈Q q\π.
The notion of descendant extends to rewrite sequences
in the obvious way. Note that, if Q is a set of pairwise
disjoint positions in t, and π : t →∗ s, then the positions
in Q\π are pairwise disjoint.

Lemma 2 Let π = t1 →∗ t2 →〈q,l→r〉 t3 →∗ t4
where 〈q, l → r〉 ∈ DR(t1) and none of the redexes in
t1 →∗ t2 is in DR(t1). Then, there is a rewrite sequence
t1 →〈q,l→r〉 s →∗ t4 such that µ(s →∗ t4) < µ(π).

Proof. Let the outermost positions at which the reduc-

tions in τ = t1 →∗ t2
q

−→ l→rt3 occur be p1, . . . , pn. By
Lemma 4, we have q = pk for some k. Consider the
rewrite sequence

τ ′ = (t1[τ |pk
]pk

� ♦i6=kt1[τ |pi
]pi

)

The sequence τ ′ is of the form t1 →∗ u
q

−→ l→rv →∗ t3,
where all the reductions in t1 →∗ u occur under the
position q. Let ρ = τ ′ ; t3 →∗ t4. The reader can
check that µ(ρ) = µ(π). Now, consider the set Q of the
outermost positions at which reductions in η = t1 →∗ u
occur. By Lemma 4, we have that each q′ ∈ Q is either
(i) under a variable position in l, i.e., q′ 6∈ q.PosΣ(l), or
(ii) is at a position in l that has no variable occurrences

below it, i.e. q′ ∈ q.Pos(l) and q′ 6≤ p for any p ∈
q.PosX(l). Further, since 〈q, l→r〉 ∈ DR(t1) we have
that 〈q, l → r〉 is a redex in t1, and hence we have the

rewrite step δ = t1
q

−→l→r s for some s. The fact that
〈q, l→r〉 is also a redex in u implies that

• for q′ ∈ Q of the kind (ii) above, we have t1|q′ =
u|q′ , and therefore all the rewrites in t1 →∗ u that
occur under q′ are inconsequential and thus can be
ignored, and

• for any two positions p, p′ ∈ Posx(l), the rewrite
sequences η|q.p and η|q.p′ have the same target.

This motivates us to consider a maximal set
{q1, . . . , qn} ⊆ Q such that, (i) each qi is under a
variable position in l, and (ii) whenever there are
p, p′ ∈ Posx(l) and qi, qj such that q.p < qi and
q.p′ < qj , then p = p′. More concretely, for each
variable x ∈ Var(l), we pick one occurrence of x in
l, say at position ω, and then pick only those qi ∈ Q
that are below q.ω. Now, consider the rewrite sequence
π′ = t1 →〈q,l→r〉 s ; η′ ; v →∗ t3 →∗ t4 where
η′ = (s[η|q1

]q1\δ � · · · � s[η|qn
]qn\δ) whose target is v.

The rewrite sequence π′ simply shuffles all the rele-
vant rewrites in η = t1 →∗ u to after the rewrite step
δ = t1 →〈q,l→r〉 s. A rather subtle point regarding
frozen arguments is to be noted here; specifically, the
suffling of rewrites such as the above is possible be-
cause of our requirement on every rule l → r that, for
all x ∈ Var(l) if none of the occurrences of x in l is
frozen then none of the occurrences of x in r is frozen.
Now, we have

|µ(η)| = |
∑

q′∈Q

µ(η|q′)| ≥ |

n
∑

i=1

µ(η|qi
)| = |µ(η′)|

Further, note that all the reductions in η′ occur under
the position q. Finally, by applying Lemma 6, to the

rewrite sequences ρ = η ; u
q

−→ v →∗ t3 →∗ t4 and
η′ ; v →∗ t3 →∗ t4, we conclude µ(η′ ; v →∗ t3 →∗

t4) < µ(ρ) = µ(π), and thus we have proved the result.
�

Theorem 2 If t →∗ s, then there is an s′ such that

t
m

→∗ s′, root(s′) = root(s) and s′
>Λ
−→∗ s.

Proof. Let π = t →〈p1,l1→r1〉 t1 · · · →〈pn,ln→rn〉 s. We
prove the theorem by noetherian induction on µ(π).
The base case µ(π) = ε is obvious, since |π| = 0. For
the induction step there are two cases:

• Suppose there is no i such that 1 ≤ i ≤ n and
〈pi, li→ri〉 ∈ DR(t). Then, by Lemma 1, pi > Λ

for all i, and thus the statement holds by taking
s′ = t.
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• Now, we consider the least k such that
〈pk, lk→rk〉 ∈ DR(t). Then, by Lemma 2, we
have π′ = t →〈pk,lk→rk〉 t′1 ; δ for some t′1 and
a rewrite sequence δ with target s. Furthermore,
µ(δ) < µ(π). By induction hypothesis, we have

t′1
m

→∗ s′ for some s′ such that root(s′) = root(s)

and s′
>Λ
−→∗ s. Then, the statement follows from

the observation that t
m

→∗ s′. �

B Proofs of Section 5

Lemma 7 Let t, σ, and p ∈ PosD(t). If p ∈ SP(σ(t)),
then ∃σ′ such that σ′|Var(t) ≤ σ|Var(t), p ∈ SP(σ′(t)),
and (p.DN(σ′(t)|p))@σ′ ⊆ DN(σ′(t))@σ′ ⊆ DN(t).

Proof. By induction on σ. The base case σ = id is
immediate. Thus, let us consider σ 6= id. We have that
p ∈ SP(σ(t)) implies the following cases

1. there exists l ∈ L(R) s.t. l ≤ σ(t) and p ∈

D↑
σ(t)(PosX(l)), or

2. there exists l ∈ L(R) and q ∈ DPl(σ(t))
such that l 6J σ(t), p ≤ q, and q ∈ P for
P = Cover(

⋃

l∈L(R)∧l 6Jσ(t){DPl(σ(t))}), i.e., p ∈

D↑
σ(t)(P ).

Let us consider the first case. If p ∈ D↑
t (PosX(l)), we

are done. For the opposite case, we have that l 6≤ t.
However, since l and t unify, we have that the only dis-
agreeing positions between l and t are variables in t,
i.e. DPl(t) 6= ∅ and DPl(t) ⊆ PosX(t). Moreover, we
have that l 6J σ(t) implies l 6J t. Now, we have that
there exists q ∈ DPl(t) such that q ∈ P ∩ PosX(t),
since the only possible way to cover l is by selecting a
variable position of DPl(t). Hence, there exist substi-
tutions ρ, η such that ρ ∈ DSub(t), t|q ∈ Dom(ρ) and
σ|Var(t) = (η ◦ ρ)|Var(t). Furthermore, we know that
DN(ρ(t))@ρ ⊆ DN(t). Now, by applying the induc-
tion hypothesis to p ∈ SP(η(w)) for w = ρ(t), we have
there exists η′ s.t. η′|Var(w) ≤ η|Var(w), p ∈ SP(η′(w)),
and (p.DN(η′(w)|p))@η′ ⊆ DN(η′(w))@η′ ⊆ DN(w).
That is, σ′|Var(t) = (η′ ◦ ρ)|Var(t), p ∈ SP(σ′(t)),
and the conclusion follows with (p.DN(σ′(t)|p))@σ′ ⊆
DN(σ′(t))@σ′ ⊆ DN(ρ(t))@ρ ⊆ DN(t).

Now, let us consider the second case. First, note that
for each position q ∈ DPl(σ(t)) with l 6J σ(t), there is
a position q′ ∈ DPl(t) with l 6J t such that q′ ≤ q. In-
deed, if q′ 6∈ PosX(t) and Rl(q

′) = {q′}, then q′ = q.
And if q′ 6∈ PosX(t) and Rl(q

′) 6= {q′}, then there is

q′′ ∈ Rl(q
′) s.t. q′′ ∈ PosX(t). Now, if p ∈ D↑

t (P ′)
for some cover set P ′ = Cover(

⋃

l∈L(R)∧l 6Jt{DPl(t)}),
we are done. So, let us assume the opposite. Then,

by the statement of case (2), we have that there are
rules l1, . . . , ln ∈ L(R) and positions q1, . . . , qn such
that p ≤ qi, qi ∈ DPli(σ(t)) for 1 ≤ i ≤ n, and
q1, . . . , qn ∈ P for the given cover set P above. By
the previous note, we have that there exist q′1, . . . , q

′
n

such that p ≤ q′i ≤ qi and q′i ∈ DPli(t) for 1 ≤
i ≤ n. Then, let us consider an arbitrary cover set
P̂ = Cover(

⋃

l∈L(R)∧l 6Jt{DPl(t)}). By the previous as-

sumption, we have that q′1, . . . , q
′
n 6∈ P̂ . However, since

rules l1, . . . , ln are covered by P̂ , there are positions
q̂1, . . . , q̂n ∈ P̂ such that q̂i ∈ DPli(t). Now, we prove
that there is a k, 1 ≤ k ≤ n, such that q̂k ∈ PosX(t).

Since q̂’s positions are included in P̂ but q′’s posi-
tions are not, we have that there is some other extra rule
l′ → r′ ∈ R such that l′ 6J t, DPl′(t)∩{q′1, . . . , q

′
n} = ∅,

DPl′(t) ∩ {q̂1, . . . , q̂n} 6= ∅, and either l′ J σ(t) or
DPl′(σ(t)) = ∅. Now, consider that no position q̂i is
a variable. Then, by the previous note, we have that
for every q̂i ∈ DPl′(t), q̂i ∈ DPl′(σ(t)). But this is
impossible since either l′ J σ(t) or DPl′(σ(t)) = ∅.

Then, since there is a k, 1 ≤ k ≤ n, such that
q̂k ∈ PosX(t), and there exist substitutions ρ, η such
that ρ ∈ DSub(t), t|q̂k

∈ Dom(ρ) and σ|Var(t) =
(η◦ρ)|Var(t). Furthermore, we know that DN(ρ(t))@ρ ⊆
DN(t). Now, by applying the induction hypothesis to
p ∈ SP(η(w)) for w = ρ(t), we have there exists η′ s.t.
η′|Var(w) ≤ η|Var(w), p ∈ SP(η′(w)), and

(p.DN(η′(w)|p))@η′ ⊆ DN(η′(w))@η′ ⊆ DN(w)

That is, σ′|Var(t) = (η′ ◦ ρ)|Var(t), p ∈ SP(σ′(t)),
and the conclusion follows with (p.DN(σ′(t)|p))@σ′ ⊆
DN(σ′(t))@σ′ ⊆ DN(ρ(t))@ρ ⊆ DN(t). �

Lemma 3 For a normalized substitution σ, if
σ(t)

m

→〈p,l→r〉 s, then there are η, θ, s′ such that

t
m

 〈p,l→r,θ〉 s′, σ|Var(t) = (η ◦ θ)|Var(t), s = η(s′), and
η is normalized.

Proof. We first prove the case p = Λ. We prove by
induction on |σ|. First, if l ≤ t, which covers the base
case σ = id, we have that 〈Λ, l→r, id〉 ∈ DN(t) and
the statement holds with η = σ and s = σ(s′). On
the other hand, if l 6≤ t, we have that DPl(t) 6= ∅

and DPl(t) ⊆ PosX(t) and t is not failing for nar-
rowing with l since l ≤ σ(t). Therefore, there is a
position q ∈ PosX(t) ∩ DPl(t). Let ρ ∈ DSub(t) be
such that Dom(ρ) = t|q. Then, there is ρ′ such that
σ|Var(t) = (ρ′ ◦ ρ)|Var(t). Now, for t′ = ρ(t), we have

ρ′(t′)
m

→{Λ,l→r} s. Therefore, by induction hypothesis,

we have that there is θ′ such that t′
m

 {Λ,l→r,θ′} s′ with

ρ′|Var(t′) = (η ◦ θ′)|Var(t′) and s = η(s′) for some nor-
malized η. Then, we have 〈Λ, l→r, θ′〉 ∈ DN(t′), which
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implies that 〈Λ, l→r, ρ ◦ θ′〉 ∈ DN(t) and the statement
holds with θ|Var(t) = (ρ ◦ θ′)|Var(t).

Now, we prove the statement for arbitrary p by in-
duction on |p|. The base case p = Λ was covered
above. Now, for the induction step, p > Λ. By Def-
inition 3 for DR(σ(t)), we have that there are p′, p′′

such that p = p′.p′′, p′ 6= Λ, and p′ ∈ SP(σ(t)),

and 〈p′′, l→r〉 ∈ DR(σ(t)|p′), i.e., σ(t|p′)
m

→{p′′,l→r} s|p′ .

Then, by Lemma 7, p′ ∈ SP(σ(t)) implies that there
exists some σ′ ≤ σ such that p′ ∈ SP(σ′(t)) and
(p′.DN(σ′(t)|p′))@σ′ ⊆ DN(σ′(t))@σ′ ⊆ DN(t). Let
σ|Var(t) = (δ ◦ σ′)|Var(t). By applying the induc-

tion hypothesis to δ(w)
m

→〈p′′,l→r〉 u where w = σ′(t)|p′

and u = s|p′ , we have w
m

 {p′′,l→r,θ} u′, δ|Var(w) =

(η ◦ θ)|Var(w), u = η(u′) for some u′, θ, and a nor-
malized η, i.e. 〈p′′, l→r, θ〉 ∈ DN(σ′(t)|p′), and hence
〈p′.p′′, l→r, θ ◦ σ′〉 ∈ DN(t). Hence, the statement holds

with t
m

 {p,l→r,θ◦σ′} s′, s′ = θ◦σ′(t)[u′]p′ , and s = η(s′).
�

Theorem 3 If t is not a variable and is a
m

 -normal
form, then σ(t) is root-stable for every normalized σ.

Proof. We prove the contrapositive. Specifically, sup-
pose for a normalized substitution σ, we have that
σ(t) is not root-stable. Then, by Lemma 1, we have

σ(t)
m

→〈p,l→r〉 s for some s. Then, using Lemma 3, we

conclude that t is not a
m

 -normal form. �

Theorem 4 If σ(t) →∗ s and σ is a normalized

substitution, then there are s′, θ, θ′ such that t
m

 ∗
θ s′,

θ′(s′)
>Λ
−→∗ s, and σ|Var(t) = (θ′ ◦ θ)|Var(t).

Proof. By Theorem 2, we have that there exists w

such that σ(t)
m

→∗ w, root(w) = root(s) and w
>Λ
−→∗ s.

By a simple induction on the length of σ(t)
m

→∗ w
using Lemma 3, we deduce that there exists s′, θ, θ′

such that t
m

 ∗
θ s′, σ|Var(t) = (θ′ ◦ θ)|Var(t), and w =

θ′(s′). The statement follows from the observation that

θ′(s′)
>Λ
−→∗ s implies s′

>Λ
 ∗

θ′ s. �

C Appendix for Example 16

We briefly recall the partial evaluation technique of [1].
Given a narrowing sequence t  ∗

σ s, we call σ(t) → s
its resultant. A narrowing tree for a term t in a rewrite
system R is a tree such that the root node is t, and for
each term s in the tree we have t ∗

σ s. Given a narrow-
ing tree for a term t in which no constructor root-stable
term is narrowed in any of narrowing sequences, the set
of resultants associated to the narrowing sequences of
the tree is called a pre-evaluation of t in R.

A pre-evaluation can already be seen as the special-
ized version of the program for input term t. However,
the partial evaluation technique also uses a notion of
S-closedness of a term t w.r.t. a set of terms S to
ensure that any possible instance of the term t is cov-
ered by S. Specifically, for a set of terms S, we say
a term t is S-closed if any subterm t|p that is rooted
by a defined symbol is an instance of a term s ∈ S,
i.e. ∃σ : σ(s) = t|p, and all terms σ(x) for x ∈ X
are also S-closed. We say a pre-evaluation is S-closed
if for all resultants ti → si in the pre-evaluation, si

is S-closed. Partial evaluation of a program R w.r.t.
a set of terms S consists of producing a S-closed pre-
evaluation of each term s ∈ S and obtaining the spe-
cialized program from all the resultants. Finally, the
specialized program is obtained from the resultants us-
ing a mapping from terms to terms in order to simplify
the resulting program (see [1] for details).

Now, we consider the rewrite system of Example 16
and the term

t = solve(X + Y,0,s(s(s(0))),W,s(s(0)))

As mentioned in Example 16, t can we rewritten to
False without instantiating the variables X, Y and W.
When we consider the needed narrowing strategy [6],
we have the following narrowing sequences from t:

solve(X + Y,0,s(s(s(0))),W,s(s(0)))
�

id solve(X + Y,0,s(s(0)),W,s(0))
�

id solve(X + Y,0,s(0),W,0)
�

id False

solve(X + Y,0,s(s(s(0))),W,s(s(0)))
�

[Y7→0] solve(X,0,s(s(s(0))),W,s(s(0)))
�

id solve(X,0,s(s(0)),W,s(0))
�

id solve(X,0,s(0),W,0)
�

id False

solve(X + Y,0,s(s(s(0))),W,s(s(0)))
�

[Y7→s(Y’)] solve(s(X)+Y’,0,s(s(s(0))),W,s(s(0)))

We can deduce a pre-evaluation of t in R from the above
narrowing sequences. This pre-evaluation is S-closed
for the set S = {t}, and then the specialized program is
obtained from the pre-evaluation by applying the map-
ping [solve(X + Y,0,s(s(s(0))),W,s(s(0))) 7→
solve’(X,Y,W)].

solve’(X,Y,W) → False

solve’(X,0,W) → False

solve’(X,s(Y),W) → solve’(s(X),Y,W)

However, our natural narrowing strategy returns only
the following narrowing sequence:

solve(X + Y,0,s(s(s(0))),W,s(s(0)))
�

id solve(X + Y,0,s(s(0)),W,s(0))
�

id solve(X + Y,0,s(0),W,0)
�

id False

and hence the specialized program is:

solve’(X,Y,W) → False
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D Appendix for Example 17

We briefly recall a few more details about the induc-
tionless induction method (see [14, 15] for additional
details). We assume below that � is a reduction or-
dering [17] which is total on ground terms, i.e. a re-
lation � which is irreflexive, transitive, well-founded,
total, monotonic, and stable under substitutions. A
well-known reduction ordering is the recursive path or-
dering, based on a total ordering �Σ (called precedence)
on Σ. The following is the inference rule defining the
superposition strategy.

Superposition
l = r c[s]p

σ(c[r]p)
if σ = mgu(l, s), s is not a variable,

σ(r) 6� σ(l), l = r ∈ E, c[s]p ∈ C.

Given a ground equation c, C≺c is the set of ground
instances of equations in C that are strictly smaller than
c in this ordering. A ground conjecture c is redundant in
a set of conjectures C if E∪A∪C≺c ` c. A non-ground
conjecture is redundant if all its ground instances are.
An inference is redundant if one of its premises or its
conclusion are redundant in C.

Consider again Example 17. The rules, which are
understood as oriented equations E, are correctly ori-
ented using the recursive path ordering and the prece-
dence solve �Σ + �Σ s �Σ 0 �Σ False �Σ True.
This means that for every rule l → r ∈ R and every
substitution σ, σ(l) � σ(r). Note also that the rules
are confluent, terminating, and sufficiently complete.
Consider the following axiomatization A of the initial
model for the equations under consideration:

True 6= False s(X) 6= 0 s(X) = s(Y) ⇒ X = Y

Now, we try to prove the conjecture

(c1) solve(0,Z,s(0),X + Y,Z) =

solve(0,Z,s(0),Y + X,Z)

We have the following consequences if we perform un-
restricted narrowing starting from the conjecture c1:

(c2) False = solve(0,0,s(0),Y + X,0)

at position Λ in the left side with [Z 7→ 0]

(c3) solve(0,0,s(0),X + Y,0) = False

at position Λ in the right side with [Z 7→ 0]

(c4) solve(0,Z’,s(0),X + Y,Z’) =

solve(0,s(Z’),s(0),Y + X,s(Z’))

at position Λ in the left side with [Z 7→ s(Z’)]

(c5) solve(0,s(Z’),s(0),X + Y,s(Z’)) =

solve(0,Z’,s(0),Y + X,Z’)

at position Λ in the right side with [Z 7→ s(Z’)]

(c6) solve(0,Z,s(0),X,Z) =

solve(0,Z,s(0),0 + X,Z)

at position 4 in the left side with [Y 7→ 0]

(c7) solve(0,Z,s(0),s(X) + Y’,Z) =

solve(0,Z,s(0),s(Y’) + X,Z)

at position 4 in the left side with [Y 7→ s(Y’)]

(c8) solve(0,Z,s(0),0 + Y,Z) =

solve(0,Z,s(0),Y,Z)

at position 4 in the right side with [X 7→ 0]

(c9) solve(0,Z,s(0),s(X’) + Y,Z) =

solve(0,Z,s(0),s(Y) + X’,Z)

at position 4 in the right side with [X 7→ s(X’)]

Now, the conjectures c2, c3, c4, c5 are redundant, since
they can be simplified to a term of the form t = t
by using the (oriented) equations and (oriented) con-
jecture c1. Conjectures c6, c7, c8, c9 are not redundant
but consistent w.r.t. A. Narrowing the conjectures
c6, c7, c8, c9 by instantiating the variable Z with 0 and
s(Z’), will give us redundant consequences that are sim-
ilar to c2, c3, c4, c5. Apart from these redundant conse-
quences, we have the following consequences for c6:

(c10) solve(0,Z,s(0),0,Z) =

solve(0,Z,s(0),0,Z)

at position 4 in the right side with [X 7→ 0]

(c11) solve(0,Z,s(0),s(X’),Z) =

solve(0,Z,s(0),s(0) + X’,Z)

at position 4 in the right side with [X 7→ s(X’)]

where c10 is a trivial conjecture, and thus redundant.
Furthermore, we have the following consequences for
c7:

(c12) solve(0,Z,s(0),s(X),Z) =

solve(0,Z,s(0),s(0) + X,Z)

at position 4 in the left side with [Y’ 7→ 0]

(c13) solve(0,Z,s(0),s(s(X)) + Y’’,Z) =

solve(0,Z,s(0),s(s(Y’)) + X,Z)

at position 4 in the left side with [Y’ 7→ s(Y’’)]

(c14) solve(0,Z,s(0),s(0) + Y’,Z) =

solve(0,Z,s(0),s(Y’),Z)

at position 4 in the right side with [X 7→ 0]

(c15) solve(0,Z,s(0),s(s(X’)) + Y’,Z) =

solve(0,Z,s(0),s(s(Y’)) + X’,Z)

at position 4 in the right side with [X 7→ s(X’)]

where c12 is identical to c11 and c13 is identical to c15,
up to renaming of variables. We have similar conse-
quences for c8 and c9, which have not been shown here
in for simplicity. At this moment, the reader can re-
alize that the inductionless induction process will loop
forever producing the non-redundant conjectures:

solve(0,Z,s(0),s
k
(X),Z) =

solve(0,Z,s(0),s
k
(0) + X,Z)

solve(0,Z,s(0),s
k
(0) + X,Z) =

solve(0,Z,s(0),s
k
(X),Z)

solve(0,Z,s(0),s
k
(X) + Y,Z) =

solve(0,Z,s(0),s
k
(Y) + X,Z)
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However, the natural narrowing strategy produces only
the consequences c2, c3, c4, c5, since it first lazily instan-
tiates the most frequently demanded variable Z with 0

and s(Z’), and after either of these instantiations the
conjecture c1 fails with respect to the rules that de-
mand the subterms Y + X and X + Y. Since all of the
conjectures c2, c3, c4, c5 are redundant, the induction-
less induction procedure terminates, thus proving the
conjecture c1.
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